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A new strategy for trapping quantum particles is presented, which behaves like an effective harmonic
oscillator potential trap wherever is desired. The approach is based on harmonic contraction and
expansion of the system around a fixed point (trapping point) at high frequencies. Analytical results
are presented for an arbitrary potential and contrasted with numerical calculations for a quantum
particle between two impenetrable walls. Similarly, making use of the analogy between quantum
mechanics and optics, it is shown that an harmonically breathing waveguide lattice can be used to
trap optical beams using frequencies of the order of the coupling constant without needing to resort
to nonlinear dielectric terms.
Reaching and stabilizing novel quantum states using
controllable quantum systems is a common goal of many
fields of physics. For example, in the last few years,
there has been some interesting suggestions in the lit-
erature, based on geometric or topological restrictions,
on how to accomplish such a goal [1–3]. Similarly, there
has been other approaches that are based on driving a
system using external fields or mechanical deformations
to dynamically generate such desired properties [4, 5].
This strategies allows the exploration of situations that
go beyond the static capabilities. In that context, the al-
liance produced by the correspondence between quantum
mechanics and optics has given rise to a resourceful labo-
ratory where such driven systems can be experimentally
tested, in what can be called “quantum simulation”. Ex-
amples include dynamic localization [6–8], coherent de-
struction of tunneling [9–13], Rabi oscillations [14–16],
Anderson localization [17–22], and dynamical trapping
[23–25], among others.
Many of such examples have been optically simu-
lated by exploiting the equivalence between a sinusoidally
curved waveguide and an AC field [6, 26, 27] at the quan-
tum level. Other examples, specifically in the context of
dynamic stabilization, was presented by Stefano Longhi
in Ref. [24], which was based on a periodic graded-index
modulation of a wave-guided lattice in the longitudinal
direction. His approach works in a similar way to the
Kapitza (or dynamic) stabilization effect of classical and
quantum mechanics in rapidly oscillating potentials; or
Paul traps for charged particles that appeals to rapidly
oscillating potential to trap a particle in cases where the
static potential cannot [28].
In this manuscript, we present a new strategy to make
dynamic stabilization (or trapping) using a harmonically
breathing potential, in other words, harmonically ex-
panding and contracting the potential around a fixed
point, which plays the role of the trapping point, all
of this in analogy with the Kapitza stabilization stabi-
lization in classical mechanics. Moreover, here is shown
analytically for an arbitrary potential that such breath-
ing system can behave exactly like an effective harmonic
oscillator potential in the high-frequency limit, and the
trapping region can be directly controlled. We offer two
examples as an illustration of the trapping effect. First,
we consider a quantum system where the potential is
given by two impenetrable walls, and second, an optic
waveguide lattice. In both systems, the dynamic stabi-
lization is present allowing to trap the quantum particle
and the light beam where is desired, but the simplicity
of the first system allows us to consider numerically the
effective harmonic oscillator potential trap limit. For the
waveguide, is shown that the trapping effect persists even
for relatively small frequencies and amplitudes, making
this effect suitable for experimental examination.
Let us consider a quantum particle under the influence
of a breathing potential. The evolution of the wavefunc-
tion follows the Schro¨dinger equation, namely
i~
∂ψ
∂t
= − ~
2
2m
∂2ψ
∂x2
+
1
α2
V
(x
α
)
ψ , (1)
where t is the time, x the spatial position, m the mass,
and α = α(z) describes the breathing of the poten-
tial V . By means of the transformation to the non-
breathing frame, namely x′ = x/α(z), t′ = t, and
φ(x′, t′) = ψ(x′, z′) e−iαα˙x
′2/(2~) (where the dot indicates
the derivative with respect to t′) the previous equation
(1) reads
i~
∂φ
∂t′
= − ~
2
2mα2
∂2φ
∂x′2
+
V (x′)
α2
φ−
(
1
2
αα¨+ α˙2
)
mx′2φ .
(2)
So far the treatment is exact, but let’s suppose that
α = 1 +  cos(ωz′), where  is an adimensional parame-
ter which measures the breathing amplitude and ω = 2piT
is the breathing frequency and T the breathing period.
Note that || < 1 to avoid singularities. For large values
of ω and small values of  Eq. (2) becomes
i~
∂φ
∂t′
= − ~
2
2m
∂2φ
∂x′2
+V (x′)φ+
1
2
mω2 cos(ωt′)x′2φ . (3)
Which is a harmonic trap, and so the quantum particle is
expected to be contained close to x′ = 0. Moreover, the
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FIG. 1. Dynamical trapping produced by the breathing
of two impenetrable walls. (a) The numerically computed
variance of the Floquet eigenstate with the lowest variance as
a function of ω and . (b) Comparison between the lowest
variance Floquet eigenstate and the ground state predicted
by the average harmonic oscillator potential trap, and the
corresponding effective potential produced by the breathing
of the system for ω = 5, 000 ~pi2m−1L−2, and  = 0.05. The
numerical calculation was performed up toN = 30 eigenstates
of the static problem.
evolution in this limit (see ref. [29]) can be approximated
by
i~
∂φ
∂t′
= − ~
2
2m
∂2φ
∂x′2
+ V (x′)φ+
1
2
mΩ2x′2φ , (4)
with Ω = ω/
√
2. Similarly, in this limit the term pro-
portional to α˙2 should give a much smaller contribution.
Note that the trapping could be done wherever is desired,
namely x0, using x
′ = (x − x0)/α instead of x′ = x/α.
Furthermore, this result is very promising, because in
many other strategies the strength of the confining part
of the effective potential usually scales as ∼ 1/ω2 [30, 31],
and so the observation of the stabilizing dynamics might
require extremely long propagation distances. However,
in our approach, it grows with ω2 reducing the required
propagation distance to observe the trapping, as we will
discuss further.
First, and for the sake of illustration (both numerical
and analytical) let’s show the stabilization effect and the
validity of our approximation assuming that the potential
is the one given by two impenetrable walls at x = −L/2
and x = L/2, and we proceed to solve the lowest vari-
ance Floquet eigenstate. The Floquet eigenstates φ(µ)
and the quasi-energies or Floquet exponents µ are de-
fined as the solutions of Eq. (4) of the form φ(µ)(z′+T ) =
φ(µ)(z′) exp(−iµT ). uch states are calculated expanding
and projecting φ in the eigenfunctions φn of the static
case ( = 0), namely, φ = α−1/2
∑∞
n=1 anφn, and trun-
cating the sum up to N to obtain system of ordinary
differential equations. The factor α−1/2 should be added
in order to preserve normalization. In Fig. 1 we ob-
serve the dynamical trapping produced by the breathing
waveguide. This is revealed by Fig. 1(a), where we see
the numerically calculated values of σ2x, the variance in
the coordinate x of the light envelope, for the Floquet
eigenstate, with the lowest variance, as a function of 
and ω. Note that generally, the envelope becomes more
localized as  and ω grows, as it has been predicted by
the Eq. (4). However, we can observe some exceptions as
peaks of σ2x for certain spatial frequencies. These peaks
are associated with resonant behavior between the nor-
mal modes of the static system. In such case, a lowest
variance Floquet eigenstate is expected to be a linear
combination of some of such modes that include the res-
onant one, and so is likely to be an unlocalized state.
However, such effects are more clearly observed at low
frequencies because the resonance region becomes much
thinner as the difference of frequencies becomes larger
(see Ref. [32]). Even more, we can conclude that it
is more likely to encounter the system localized because
such exceptions only occur at very specific frequencies,
and so the effect is very robust. In Fig. 1(b) we show the
lowest variance Floquet eigenstate of the full Eq. (2), at
ω = 25 ~pi2m−1L−2 and  = 0.05, and the one predicted
by Eq. (4), and the corresponding effective harmonic os-
cillator potential trap produced by the breathing of the
system. As we can see, our approximation agrees quite
closely with the exact solution, even for not too large spa-
tial frequencies (tens of times the frequency of the lowest
mode of the non breathing impenetrable walls). Sum-
ming up, we found the predicted trapping effect, which
is still present at relatively low spatial frequencies, but
may be destroyed by resonances with the Rabi oscilla-
tions between the static modes.
Now we turn to another important objective of this
work, namely, to show how breathing lattice can trap
light beams where non-breathing lattices cannot. Let
us consider light propagating in a waveguide which is
breathing in the perpendicular direction x, and propa-
gates along the parallel direction z. The time evolution
of a complex beam envelope function ψ(x, z) follows an
optical analog of the Schro¨dinger equation, and so fol-
lowing the same arguments presented above, the optical
equivalent of the Eq. (2) with m exchanged for ns, t
′ for
z′, and ~ for λ is
iλ
∂φ
∂z′
= − λ
2
2nsα2
∂2φ
∂x′2
+
V (x′)
α2
φ−
(
1
2
αα¨+ α˙2
)
nsx
′2φ ,
(5)
where z′ is the paraxial propagation distance, x′ now
is the spatial position in the non-breathing frame, λ =
λ/(2pi) is the reduced wavelength, V (x) = ns−n(x), n(x)
is the effective refractive index profile of the array, ns
is the bulk refractive index, and α = α(z) describes the
breathing of the waveguide. Now let us consider a breath-
ing waveguide lattice, which in the standard nearest-
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FIG. 2. Beam propagation (snapshot of |cn(z)|2) in a breath-
ing lattice with ω = k for (a)  = 0 and (b)  = 0.1. The
right panels schematically show the index profile of the non-
breathing (upper plot) and breathing (lower plot) waveguide
array.
neighbor tight-binding approximation is governed by a
discrete version of Eq. (4) (see Appendix), namely
ic˙n = − k
α
(cn+1+cn−1)+i
α˙
α
cn−
(
1
2
αα¨+ α˙2
)
nsa
2n2
λ
cn ,
(6)
where k is the coupling constant between adjacent waveg-
uides, a the distance between adjacent waveguides in
the non-breathing case, and cn the mode amplitude.
Fig. 2 shows the propagation of a Gaussian beam ob-
tained by direct numerical simulations of Eq. (6) with
α(z) = 1 +  cos(ωz), as it was chosen for the previ-
ous calculations. It worth to recall that the no singular-
ity condition (|| < 1) keeps the distances between two
points always greater than zero, hence two waveguides
never touch each other. The initial condition is set as
cn(0) = exp(−n2/5). In Fig. 2(a) we observe the propa-
gation through a non-breathing ( = 0) waveguide lattice
which acts as a defocusing lens for the discretized beam.
In Fig. 2(b) we observe the dynamic trapping of the
beam as it travels through the breathing waveguide with
 = 0.1, ω = k, and nsa
2λ−1k = 1, which is very close
of to the experimental case, considering that the typical
experimental values, namely a of the order of 10µm, λ of
the order of 100 nm, ns around unity, and k of the order
of mm−1 [6, 26, 33]. Indeed, for this typical coupling con-
stant k is of the order of a mm−1, and the propagation
length shown on Fig. 2 corresponds to a physical length
which is of the order of 1 cm. Remarkably, the effect
which was illustrated for the impenetrable wall problem
at high frequencies persists even for relatively small spa-
tial modulation frequencies (of the order of the coupling
constant k), opening the possibility to observe this trap-
ping effect with the current experimental capabilities.
This trapping effect is related to the existence of a Flo-
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FIG. 3. Numerically computed intensity distribution |c2n|
for the two most localized metastable states (Floquet eigen-
states), at the plane z = 0, for the breathing waveguide lattice
with ω = k and  = 0.1. The insets show the real and imagi-
nary parts of the states.
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FIG. 4. Numerically computed lowest variance of all Floquet
eigenstates in the waveguide lattice as a function of ω and .
quet eigenstate (metastable state) which is similar to the
initial condition, or a sort of an effective potential pro-
duced by the breathing of the system, as it was discussed
before for an arbitrary potential. For the parameters of
the breathing waveguide used in Fig. 2(b), the Floquet
eigenstates can be numerically calculated. Assuming an
array of 161 waveguides, in Fig. 3 we observe the two
most localized states. It’s interesting to note that the
most localized metastable state highly resembles the ini-
tial condition used in Fig. 2(b), and then explain why
it remains trapped around the lattice site n = 0 while it
travels along the propagation axis z.
In a similar way that it was done before for the case of
two impenetrable walls, in Fig. 4 we see the numerically
calculated values of σ2n =
∑
n n
2c2n, the variance in the
lattice site n of the mode amplitude, and plotted the low-
est variance among all Floquet eigenstates as a function
of  and ω. We observe that the behavior of the waveg-
uide lattice strongly resembles the behavior of the system
of two impenetrable walls, and so the localization grows
as we increase the value of the breathing amplitude 
and the spatial frequency ω. However, this doesn’t hold
for certain frequencies and values of  which, as it was
stated before, may correspond to a Rabi-like behavior of
4the system. As a final remark, we must state that this
show again that the effect persist even for relatively small
spatial modulation frequencies.
In conclusion, a new scheme of dynamical stabilization
is presented, in a way that is directly based in the simu-
lation of a Paul trap [29] using a harmonically breathing
potential at high frequency. Using this approach it’s pos-
sible to trap light wherever is desired, and such capabil-
ity remains even for relatively small breathing frequen-
cies. Even more, such trapping allows us to simulate
potentials that may go beyond the static experimental
capabilities. Finally, it must be stated that this parti-
cle trapping strategy analogy is not limited to quantum
particles and light, it can be applied to any system that
follows a Schro¨dinger-like equation, and so it can be used
equally to trap other kinds of bosons and fermions.
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Appendix.—In the tight-binding approximation
φ =
∑
n
cnun (x) , (7)
where un(x) = u(x−na) is a localized mode in the lattice
site n. It is reazonable to assume that the localized mode
is Gaussian, namely
u(x) =
1
(2pib2)1/4
exp
(
− x
2
4b2
)
.
In the nearest-neighbor approximation∫
H0unum dx ≈ eδn,m − λkδn,m+1 ,
where H0 is the Hamiltonian in the non-breathing case,
e the energy of the localized mode, and k > 0 is the
coupling constant between adjacent waveguides. It will
be usefull to use the fact that in the nearest-neighbor
approximation∫
x2unum dx ≈ n2a2δn,m .
Now let’s turn to the breathing case. The time evolution
follows Eq (5), namely
iλ
∂φ
∂z′
=
1
α
H0φ−
(
1
2
αα¨+ α˙2
)
nsx
′2φ . (8)
In the non-breathing frame Eq. (7) should be rewritten
as
φ =
∑
n
√
1
α
cnun (x
′) .
Note that a factor
√
1/α should be added to preserve the
normalization. Reeplacing this back on (8) and project-
ing, gives
ic˙n = − k
α
(cn+1 + cn−1) + i
α˙
α
cn +
e
α
cn
−
(
1
2
αα¨+ α˙2
)
nsa
2n2
λ
cn .
Making the cannonical transformation c′n =
cn exp
(
−ie
z∫
0
dz′
α(z′)
)
we obtain Eq. (6), namely,
ic˙n = − k
α
(cn+1+cn−1)+i
α˙
α
cn−
(
1
2
αα¨+ α˙2
)
nsa
2n2
λ
cn .
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